INTRODUCTION
Throughout this note, the ring of integers of a number field F will be denoted by O F .
Let NÂK be a finite Galois extension of number fields with group G. The study of the structure of O N as a G-module has developed into a rich and flourishing area of research. If the extension NÂK is at most tamely ramified then M. J. Taylor's well known proof [4] of Fro lich's conjecture shows that the structure of O N as a Z[G] module is dominated by the associated Artin L-functions. However, not much is known for the relative integral Galois module structure of O N (i.e., as a O K [G]-module).
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In [5] Taylor relates the relative Galois module structure of unramified extensions of degree p, for an odd prime p, over the cyclotomic field Q(`p) to certain congruences involving the values of p-adic L-functions for Q(`p) at 1. To be precise, let 2=Gal(Q(`p)ÂQ). Let | be the Teichmu ller character of 2 taking values in Z p , the ring of p-adic integers. The character group of 2 is
In yet another instance of analytic functions dominating the integral Galois module structure, Taylor's result in [5] immediately shows:
Theorem A. The cyclotomic field Q(`p) admits an unramified extension of degree p with trivial relative integral Galois module structure if and only if
where h p denotes the order of the minus part of the p-Sylow subgroup of the class group of the field Q(`p).
In [5] Taylor also obtains an elliptic analogue of Theorem A. Note that, as usual, we say that NÂK has trivial relative Galois module structure if and only if O N is a free O K [G]-module (or equivalently, O N admits a normal basis over O K ). For convenience, we abuse language and say that NÂK has a normal integral basis (abbreviated as n.i.b. from now on) if O N admits n.i.b. over O K . If we consider the relative Galois module structure of unramified abelian extensions of a totally real field K, Brinkhuis in [1] shows that if such an extension NÂK admits trivial Galois module structure then NÂK must be a composite of quadratic extensions. Of course, in that case, each of these quadratic unramified extensions must also admit a trivial Galois module structure. We remark that throughout this article``unramified'' means``unramified at all finite primes. '' In this article we prove the following result: Theorem 1. Let K=Q(-m) be a real quadratic number field with m a square free integer. If the prime 2 splits neither in Q(-m)ÂQ nor in Q(-&m)ÂQ then K admits an unramified quadratic extension, distinct from K(-&1) with trivial relative Galois module structure if and only if
where / is the non-trivial character of Gal(KÂQ), h 2 is the order of the 2-Sylow subgroup of the class group of K, and P is the (unique) prime in K dividing 2.
Remarks.
(1) Theorem 1 can be seen as an analogue of Theorem A.
(2) Note that, if K(-&1)ÂK is an unramified extension with an integral basis, then m#3 (mod 4).
(3) In Section 2, where we prove Theorem 1, we shall also explain why an analogue fails to hold for the case m#1, 7 (mod 8) (cf. Remarks after Lemma 2).
(4) From the proof of Theorem 1, it becomes clear that there is at most one unramified quadratic extension NÂK which admits a n.i.b. In view of the result of Brinkhuis mentioned above this shows that if a real quadratic field K admits an unramified abelian extension NÂK with n.i.b. then NÂK must be a quadratic extension.
MAIN RESULTS
We fix some notation. From now on, K denotes a real quadratic field, K=Q(-m), m a square free positive integer. Let P be a prime above 2 in K. Then, K P denotes the completion of K at P. We will denote the unit group of K P by U and U n will denote 1+P n . Then, U=W_U 1 where W is the group of roots of unity of odd order. Let Z 2 denote the ring of 2-adic integers. Then U 1 is a Z 2 -module. So, the order of the torsion subgroup T=U 1(tors) is a power of 2.
Proof. In the first case, Q 2 (-&m)=Q 2 since 2 splits in
Q 2 (-m) does not contains 8 th roots of unity. In the other cases, if -&1 # T, Q 2 (-&m)/Q 2 (-m) and degree considerations lead to Q 2 (-&m)=Q 2 . But this means that 2 splits in Q 2 (-&m)ÂQ 2 . K
We know that there is a unique function log 2 :
(2) log 2 2=0.
(3) On U 1 =1+P, log 2 is given by the usual power series for log(1+x).
The reader may refer to [6, Chap. V] for the proofs of these results. Further, log 2 u=0 for some u # U if and only if u # W_T. Let }=[eÂ( p&1)]+1, where e=e(K P ÂQ 2 ) is the ramification index of K P ÂQ 2 . Then, the usual series for the exponential function exp converges on P n for n }. Also, log 2 : U n Ä P n and exp : P n Ä U n are group homomorphisms that are inverses of each other. (2) If m#1 (mod 8), log 2 u#0 (mod 4) for any unit u (under both of the embeddings of Q(-m) in Q 2 ). F , and u is congruent to a square (mod 4).
Proof. Suppose EÂF is an unramified quadratic extension with integral basis. From Mann's result, [2] , E=F(-u) for some unit u # O F , since disc(EÂK) is a unit. Since EÂF is tame, there is an integer of trace 1 in O E , i.e., an element of the form (1+a -u)Â2. Taking the norm to F, Proof. 1 2 is trivial.
3 O 1 Since EÂF is unramified with a n.i.b., in particular with an integral basis, using Lemma 2, E=F(-u), with u#a
2 and this must be a unit. So, x, y are units in O F . Taking norm of %, we get x 2 #y 2 u (mod 4). K Proposition 1. The real quadratic field K admits an unramified quadratic extension NÂK with a n.i.b. distinct from K(-&1)ÂK if and only if \=#1 (mod 4) for any fundamental unit = of K.
Proof. As before, K=Q(-m), m square free. We find
Let = be a fundamental unit of K. Then
Thus, from above, (mod 4), we have In view of Lemma 4 K admits an unramified quadratic extension with a n.i.b. if and only if either \= j #1 (mod 4) for some j odd or &= j #1 (mod 4) for some j even. In other words, either \= j #1 (mod 4) for some j odd or K(-&1)ÂK has a n.i.b. So, K admits an unramified quadratic extension with n.i.b. distinct from K(-&1) if and only if \= j #1 (mod 4) for some j odd. In view of (1) this implies that K admits an unramified extension with a n.i.b., distinct from K(-&1), if and only if \= 3 #1 (mod 4). K Remarks.
(1) Note that at most one of K(-=), K(-&=), or K(-&1) admits a n.i.b. over K.
(2) This proposition is essentially Theorem 7 of [3] .
Proof of Theorem 1. From [6] , we have the following relation:
if m#2, 3 (mod 4).
The result now follows from Proposition 1 and Lemma 2.
Remark. When m#3 (mod 4) or m#5 (mod 8), existence of an unramified quadratic extension, distinct from K(-&1)ÂK, with an integral basis implies one with a n.i.b.
When m#3 (mod 4), the squares (mod 4) are [ \1]. So, in this case, from Lemma 3, K has an unramified extension distinct from K(-&1)ÂK with an integral basis.
\=
j # \1 (mod 4), for some j odd \= j #1 (mod 4), for some j odd
There is an unramified quadratic extension distinct from K(-&1) with a n.i.b.
When m#5 (mod 8), the group of squares (mod 4) is a cyclic group of order 3. Then K has an unramified extension with a n.i.b.
\= j #1 (mod 4), for some j odd (since = 6 #1 (mod 4)) \= 3j #1 (mod 4)
The group (O K Â4O K ) _ has a unique subgroup of order 3, namely the group of square (mod 4). So, K admits an unramified quadratic extension with a integral basis if and only if \= j is in the unique subgroup of order 3, i.e., \= 3j #1 (mod 4) for some j odd. Suppose m#2 (mod 4). Then an unramified quadratic extension with an integral basis exists if and only if, \= j #1, 1&2 -m (mod 4) \= j #1 (mod P 3 ), for some j odd log 2 =#0 (mod 4P &1 ).
The proof is exactly that of Lemma 2. From the above discussion, we get Proposition 2. If m#2 (mod 4), then K admits an unramified quadratic extension with an integral basis if and only if L 2 (1, /) h
